Let A n be the alternating group of even permutations of X := {1, 2, · · · , n} and E n the set of even derangements on X. Denote by AΓ q n the tensor product of q copies of AΓ n , where the Cayley graph AΓ n := Γ(A n , E n ) is called the even derangement graph.
Introduction
For a simple graph Γ, we use V(Γ), E(Γ) and Aut(Γ) to denote its vertex set, edge set and full automorphism group, respectively. We denote by N Γ (v) the neighbourhood of a vertex v in Γ. Let G be a finite group and S a subset of G not containing the identity element 1 with S = S −1 . The Cayley graph Γ := Γ(G, S ) on G with respect to S is defined by
V(Γ)=G, E(Γ)={(g, sg)
: g∈G, s∈S }.
Clearly, Γ is a |S |-regular and vertex-transitive graph, since Aut(Γ) contains the right regular representation R(G) of G . Moreover, Γ is connected if and only if G is generated by S . Let S n be the symmetric group and A n the alternating group on X = {1, 2, · · · , n}. Let D n := {σ ∈ S n : x σ x, ∀x ∈ X} and E n := D n ∩A n denote the degrangements and the even derangements on X respectively. Then the graph Γ n := Γ(S n , D n ) and AΓ n := Γ(A n , E n ) are called the derangement graph [19] and the even derangement graph on X respectively.
The tensor product Γ 1 ⊗ Γ 2 of two graphs Γ 1 and Γ 2 is the graph with vertex set V(Γ 1 ) × V(Γ 2 ) and edge set consisting of those pairs of vertices (u 1 , u 2 ), (v 1 , v 2 ) where u 1 is adjacent to v 1 in Γ 1 and u 2 is adjacent to v 2 in Γ 2 . A projection is a homomorphism pr i,n : Γ q → Γ
given by pr i,n (x 1 , x 2 , · · · , x q ) = x i for some i, where Γ q is the tensor product of q copies of a graph Γ. By the definition of tensor product, it is easy to see that AΓ q n is the Cayley graph Γ(A q n , E q n ), where A q n is the direct product of q copies of A n and E q n := {(σ 1 , σ 2 , · · · , σ q ) : σ i ∈ E n , i = 1, 2, · · · , q}.
A family I ⊆ S n is intersecting if any two elements have at least one common entry. It is easy to see that an intersecting family of maximal size in S n corresponds to a maximum-size independent set in Γ n . In [3] , Cameron and Ku showed that the only intersecting families of maximal size in S n are the cosets of point stabilizers. In [16] , Ku and Wong proved that analogous results hold for the alternating group and the direct product of symmetric groups, which equivalently shows that the structure of maximum-size independent sets of AΓ n is as follows: Remark. Generally speaking, for a graph Γ, all maximum-size independent sets of Γ q are not necessarily preimages of maximum-size independent sets of Γ under projections (see [15, 18] ). Theorem 1.2 shows that all maximum-size independent sets of AΓ q n are preimages of maximum-size independent sets of AΓ n under projections.
Many researchers (see [3, 4, 5, 17, 19, 20] ) have studied the properties of Γ n , such as the clique number, the chromatic number, the independence number, maximum-size independent sets and so on. Motivated by the nice structures of Γ n , here we show that AΓ q n have the similar nice structures. For example, we obtain that the diameter D(AΓ q n ) = 2, the clique number ω(AΓ q n ) = n and the chromatic number χ(AΓ q n ) = n. Cayley graphs are of general interest in the field of Algebraic Graph Theory due to their good properties, especially their high symmetry. One difficult problem in Algebraic Graph Theory is to determine the automorphism groups of Cayley graphs. Although there are some nice results on the automorphism groups of Cayley graphs (see [6, 7, 8, 10, 13, 23, 24, 25] ), we still lack enough understanding on them. In this paper, we completely determine the automorphism groups of AΓ q n , which in fact gives a kind of method on the computation of automorphism group of Cayley graph by using the characterization of the maximum-size independent sets. Another main result of this paper is as follows:
where Inn(S n ) ( S n ) is the inner automorphism group of S n , Z q 2 = ϕ 1 × ϕ 2 × · · · ϕ q and Inn(S n ) ≀ S q denotes the wreath product of Inn(S n ) and S q .
Remark. Sanders and George [21] showed that for a graph Γ,
where ≀ denotes the wreath product, however, the equality cannot hold in most situations. Theorem 1.3 implies that Aut(AΓ
The rest part of this paper is organized as follows. In Section 2, we give the connectedness and diameter of AΓ q n . In Section 3, we determine the independence number and the structure of maximum-size independent sets of AΓ q n , as its corollary, we obtain the clique number and chromatic number of AΓ q n . In section 4, we completely determine the full automorphism groups of AΓ q n .
The connectedness and diameter
In this section, we give the connectedness and diameter of AΓ q n . For a group G, we denote the automorphism group and the inner automorphism group of G by Aut(G) and Inn(G), respectively. Next we need the following known result: Proposition 2.1 [22] [III, (2.17) − (2.20)] If n ≥ 2 and n 6, then Aut(A n ) = Inn(S n ). If n = 6, then |Aut(A 6 ) : Inn(S 6 )| = 2, and for each α ∈ Aut(A 6 )\Inn(S 6 ), α maps a 3-cycle to a product of two disjoint 3-cycles.
Lemma 2.2 If n ≥ 5, then the even derangement graph AΓ n is connected.
Proof. By Theorem 2.8 of page 293 in [22] , the alternating group A n (n ≥ 5) is generated by the totality of 3-cycles. Clearly (1 2 3) = (1 2 · · · n) 2 · (n n − 1 · · · 1) 2 (1 2 3) and
For any 3-cycle (i j k), there exists a φ ∈ Inn(S n ) such that (1 2 3)
So the alternating group A n (n ≥ 5) is generated by E n , which implies that AΓ n is connected.
Remark. If n = 3, clearly A 3 = E 3 , so AΓ 3 is connected. If n = 4, then A 4 E 4 = {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}, so AΓ 4 is not connected. [12] 
Lemma 2.3

Lemma 2.5 For any g
Proof. If n = 5, we have
, we have
If n ≥ 6, by proposition 6 in [3] , for any g 1 , g 2 ∈ A n , there exists a g ∈ S n such that
N AΓ n (g 2 ) and the assertion holds.
which implies that any two vertices in AΓ q n have at least a common neighbourhood. Hence
The stucture of maximum-size independent sets
In this section we characterize the structure of maximum-size independent sets of AΓ q n for q ≥ 1, which is a generalization of Theorem 1.2 in [16] . First we give the independence number of AΓ q n as follows: Lemma 3.1 For any q ≥ 1, n ≥ 5, the independence number of AΓ q n is given by
Then by Proposition 1.1, we obtain
Thus the assertion holds.
For any two graphs H 1 and 
Furthermore, if equality holds in (1) , then for any independent set I of cardinality α( 
Proof. Let T = N H (S ) and E(S
e. any vertex u ∈ S ∪ T is not adjacent to any vertex v S ∪ T, which contradicts the connectedness of H. Thus |S | < |T | = |N H (S )|.
Lemma 3.4 All the maximum-size independent sets of AΓ
, which is equal to α(AΓ we may assume that the identity Id = (id, id) ∈ I. By Proposition 1.1, Lemmas 3.1 and 3.2, 
, which contradicts the fact that (g 1 , g 2 ) ∈ I and I is an independent set.
If i
Thus i
n ), which as above yields a contradiction. Hence Claim 1 holds. 
,
Thus and i
Hence Claim 2 holds.
Claim 3. Either
Suppose on the contrary that I ∩ J 1 ∅ and I ∩ J 2 ∅, consider the following two possible cases:
is an independent set, this case cannot happen.
It is easy to see that AΓ
is a regular bipartite graph whose partition has the parts J 1 and J 2 with |J 1 | = |J 2 |. By Claim 2 and Lemma 3.3, we have
is an independent set, we have
which is a contradiction, since |I| = (n−1)!n! 4
by Lemma 3.1. Hence Claim 3 holds.
Claim 4. Either
By Claim 4, we have I ∈ B, which conclude the proof. 
Moreover, if Γ is also non-bipartite, and if I is an independent set of size
there exists a coordinate i ∈ {1, 2, · · · , q} and a maximum-size independent set J in Γ, such that For n ≥ 7, combining Proposition 1.1, Lemma 3.4 and 3.6, the assertion holds. 
Corollary 3.7 Let ω(AΓ
Proof. By [16], we have ω(AΓ
On the other hand, by Theorem 1.2, we know that the independence number α(AΓ 
The automorphism group of AΓ q n
In this section, we completely determine the full automorphism group of AΓ q n (n ≥ 5). First we introduce some definitions. Let Sym(Ω) denote the set of all permutations of a set Ω. A permutation representation of a group G is a homomorphism from G into Sym(Ω) for some set Ω. A permutation representation is also referred to as an action of G on the set Ω, in which case we say that G acts on Ω. Furthermore, if {g ∈ G : x g = x, ∀x ∈ Ω} = 1, we say the action of G on Ω is faithful, or G acts faithfully on Ω. Next we need the following known results:
be the external direct product of q copies of the nontrivial group G. If G has the following properties: (i) the center Z(G) of G is trivial; (ii) G cannot be decomposed as a nontrivial direct product. Then
Aut(G q ) = Aut(G) ≀ S q .
Proposition 4.2 [11] Let N Aut(Γ(G,S ) (R(G)) be the normalizer of R(G) in Aut(Γ(G, S )).
Then
where Aut(G, S ) = {φ ∈ Aut(G) : S φ = S }.
Lemma 4.3 Define the mapping ϕ
where Inn(S n ) S n and Z
Proof. By Proposition 2.1 and 4.1, we have
Using Proposition 4.2, we obtain R(
It is easy to see that
where
The assertion holds. 
Lemma 4.4 Let
B = {B (k) i, j , i, j = 1, 2, · · · , n; k = 1, 2 · · · , q}, where B (k) i, j = {(σ 1 , σ 2 , · · · , σ q ) ∈ A q n : i σ k = j}.
Next we show that if
i, j ∈ B, then φ is the identity map. In fact, clearly,
Thus φ is the identity map.
Thus φ is a permutation of B. 
Proof. Suppose on the contrary that there exist two distinct B
by using Lemma 4.5 and its proof. So
On the other hand,
which is a contradiction. Thus the assertion holds.
if and only if there exist some k ∈ {1, 2, · · · , q} and some i or j ∈ {1, 2, · · · , n} such that 
Proof. First for any R (k)
i ∈ Ω and φ ∈ Aut(AΓ q n ), we have
So by Lemma 4.7, we have R
Similarly, for any C
j for any i, j ∈ {1, 2, · · · , n} and k ∈ {1, 2, · · · , q}. Then it suffices to show that φ is the identity map.
Since for any B
i, j }. By Lemma 4.4, the action of Aut(AΓ q n ) on B is faithful. Thus φ is the identity map. For any ω 1 , ω 2 ∈ Ω and φ ∈ Aut(AΓ q n ),
Thus φ is a permutation of Ω.
(ii) There exists some R
Proof. (i) By Lemma 4.6, for any k ∈ {1, 2, · · · , q} there exists a l ∈ {1, 2, · · · , q} such that
By Lemma 4.8, the assertion holds.
(ii) First by (i), there exists some R
Suppose on the contrary that there exist i,
and R
(iii) The proof of (iii) is similar to that of (ii). Proof. By (i) of Lemma 4.9, for any φ ∈ Aut(AΓ q n ), there exists a σ ∈ S q such that Ω (k) φ = Ω (k σ ) (k = 1, 2, · · · , q). Using (ii) and (iii) of Lemma 4.9 we obtain the following disjoint alternatives:
So Aut(AΓ :
= Σ σ∈S q n! 2q = q!n! 2q .
Now we show that
|{φ ∈ Aut(AΓ q n ) :
Indeed, for any φ ∈ Aut(AΓ q n ) such that
}, we have
n , which implies that φ
Similarly,
Thus the assertion holds. 
